Establishing the conditions for the stability of ecosystems and for stable coexistence of interacting populations is a problem of the highest priority in mathematical biology. This problem is usually considered under specific assumptions made regarding the functional forms of non-linear feedbacks. However, there is growing understanding that this approach has a number of major deficiencies. The most important of these is that the precise forms of the functional responses involved in the model are unknown in detail, and we can hardly expect that these will be known in feasible future. In this paper, we consider the dynamics of two species with interaction of consumer-supplier (prey-predator) type. This model generalizes a variety of models of population dynamics, including a range of prey-predator models, SIR and SIRS epidemic models, chemostat models, etc. We assume that the functional responses that are usually included in such models are given by unspecified functions. Using the direct Lyapunov method, we derive the conditions which ensure global asymptotic stability of this general model. It is remarkable that these conditions impose much weaker constraints on the system properties than that are usually assumed. We also identify the parameter that allows us to distinguish between existence and non-existence of the coexisting steady state.
Introduction
Biological processes are usually extremely complex and depend on a range of factors that are out of human control. The impacts of these factors are unknown in detail, and we can hardly expect that these details will be known in feasible future. Moreover, these impacts may be different in apparently similar situations. Under such circumstances, it is sensible to concentrate on the qualitative and robust properties and establish the factors and conditions that can principally change the behaviour of the system in question, disregarding particularities and considering as a general model as only possible. This consideration motivates us to consider a general predator-prey model x(t) = η(x) − ω(x, y), y(t) = κω(x, y) − μ(y).
(1.1)
PROPERTIES OF A PREY-PREDATOR MODEL 311 system. Further in this paper, we will look for such properties of these functional responses that are crucial for the system dynamics and can be responsible for principal changes in the system behaviour.
Properties of the model
The dependent variables x(t) and y(t) of the system (1.1) correspond to the populations or the densities or the concentrations of two species that can be considered as a prey (or a supplier) and a predator (or a consumer), disregarding what the nature of these species is. Therefore, for a relevant model these variables must be non-negative, and hence the phase space of this system is the non-negative quadrant or a part of this quadrant. It is usually assumed that the prey does not depend on the predator and that in the absence of the predator the prey survives and prospers. For some particular models, such as the Lotka-Volterra model (1.2), that may imply unlimited growth of the prey population. However, such unlimited growth is generally considered unrealistic since in the real world a population is always limited by resources. It is usually assumed that a realistic model has a predator-free equilibrium state Q 0 = (x 0 , y 0 ), such that x 0 0 and y 0 = 0, and that in the absence of the predator the system remains in this equilibrium state. When a predator species is introduced into the system, it either persists or vanishes after some time. That is, apart from the equilibrium state Q 0 , the system can also have a positive equilibrium state Q * = (x * , y * ), where both species coexist. The coordinates of this equilibrium state satisfy the equalities
where B = 1/κ is introduced for the convenience of the notation. The outcome of the introduction of a predator into the system is directly associated with the stability of the predator-free equilibrium state Q 0 : if this equilibrium state is asymptotically stable, then the predator, when it is introduced in small numbers, will eventually die out; if the predator-free equilibrium state Q 0 is globally asymptotically stable, then the predator will die out whatever its initial quantities are and, finally, if the predator-free equilibrium state is unstable, then the predator, even if it is introduced in very small quantities, can persist. The outcome of the introduction of a predator species is usually assumed to depend on a so-called 'basic reproduction number' or a 'basic reproduction rate' (the later term is generally considered obsolete). This number, which is usually denoted R 0 , has a transparent biological meaning: it is an average number of the 'predators' produced by a single 'predator', which is introduced into a predator-free environment. The concept of the basic reproduction number is originated in epidemiology (Anderson & May, 1991) and is, in our opinion, of paramount importance for any biological system where two or several species interact: one can expect that R 0 > 1 is necessary for the predator persistence, whereas R 0 < 1 implies that the predator will eventually vanish from the system. For the model (1.1), we define the basic reproduction number as
(cf. Diekmann et al., 1990; van den Driessche & Watmough, 2002) . It is easy to see that for the standard bilinear predation rate βx y, this definition coincides with the traditional definition of the basic reproduction number which is R 0 = κβa/bc; for the predation rate of the form h(x)y, the basic reproduction number is Q 0 = (x 0 , 0), which is globally asymptotically stable; (iii) the basic reproduction number R 0 is the threshold parameter, i.e. the positive equilibrium state exists when R 0 > 1 and the system has no positive equilibrium when R 0 1.
In the rest of this paper, we will search for the conditions which ensure that this proposition holds and examine the biological implication and relevance of these conditions.
Global stability of a positive equilibrium state
We start with the assumption that the system has a positive equilibrium state Q * . We will address the existence of this state later in Section 5. By the Lyapunov-LaSalle asymptotic stability theorem (Barbashin, 1970; La Salle & Lefschetz, 1961) , an equilibrium state is globally asymptotically stable if there is an auxiliary function (a Lyapunov function) such that (i) the equilibrium state is the only stationary point and the global minimum of this function, (ii) the derivative of this function with respect to time is non-positive in the phase space and (iii) the subset of the phase space, where the derivative is equal to zero, contains no entire invariant set of the system apart from the equilibrium state. We consider a function
where B = 1/κ and ε > 0 is a small arbitrary parameter which is introduced to avoid improper integrals at x = 0 and y = 0. We have to verify that this function is a Lyapunov function and that its derivative with respect to time is non-positive. By (H1), ω(x, y) > 0 for all x, y > 0, and hence the function U (x, y) is defined and continuous for all x, y > 0 and satisfies
That is, Q * = (x * , y * ) is indeed a stationary point of this function. Moreover, if the equalities
hold only at the point Q * , then the point Q * is the only stationary point of the function. Furthermore,
and hence the stationary point Q * is a minimum of the function U (x, y) if (H1) holds and
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We formulate these two conditions as Hypotheses (H2) and (H3): (H2) Equalities (3.2) hold only when x = x * and y = y * . (H3) Inequalities (3.3) hold at point Q * . Consequently, if Hypotheses (H1)-(H3) hold, then the function U (x, y) is a Lyapunov function indeed.
Using (2.1), the derivative with respect to time of the function U (x, y) is
Therefore, dU dt 0 holds for all x, y > 0, provided that x * , y * and ω(x * , y * ) are non-negative and that
We reformulate these conditions as Hypotheses (H4) and (H5): (H4) Inequality (3.4) holds for all x, y > 0, and the strict equality holds only when x = x * . (H5) Inequality (3.5) holds for all x, y > 0, and the strict equality holds only when y = y * . Hypotheses (H4) and (H5) can be formulated in the following equivalent form: 
Alongside (H4) and (H5), we also formulate weaker hypotheses (H4 ) and (H5 ): (H4 ) Inequality (3.4) holds for all x, y > 0.
(H5 ) Inequality (3.5) holds for all x, y > 0. We will discuss these hypotheses later; now we just assume that Hypotheses (H1)-(H5) hold. THEOREM 3.1 If the system (1.1) has a positive equilibrium state Q * = (x * , y * ) such that Hypotheses (H1)-(H5) hold, then this positive equilibrium state is unique and globally asymptotically stable in R 2 + . Proof. Hypotheses (H1)-(H5) ensure that the function U (x, y) is a Lyapunov function and that its derivative is negative everywhere in R 2 + apart from Q * . Then the global asymptotic stability of the equilibrium Q * follows from the Lyapunov (1992) asymptotic stability theorem. The uniqueness of the equilibrium state Q * follows from the fact that dU (x,y) dt = 0 necessarily holds at any equilibrium point, whereas for this system, by (H4) and (H5), this equality holds only at the point Q * .
The following theorems and corollary also immediately follow from the Lyapunov-LaSalle theory.
THEOREM 3.2 If the system (1.1) has a positive equilibrium state Q * = (x * , y * ) such that Hypotheses (H1)-(H3), (H4 ) and (H5 ) hold, then (i) this positive equilibrium state is globally (neutrally) stable and (ii) the union of all these compact invariant sets of the system, which are the subsets of the set (H4 ) and (H5 ) hold, and let the set M = (x, y) ∈ R 2 + dU (x,y) dt = 0 contain no compact invariant sets of the system apart from Q * . Then the point Q * is globally asymptotically stable.
REMARK By (H2), the equality dU dt = 0 always holds in Q * . This equality also holds for x and y such that the equalities
hold. It is noteworthy that for the Lotka-Volterra predator-prey model with unlimited carrying capacity of the environment (1.2), both these equalities hold everywhere in R 2 + . Therefore, dU dt = 0 everywhere in the phase space of this model, and the model is neutrally stable. The function U (x, y) is the first integral of the system in this case. It may occur that the inequalities of Hypotheses (H4) and (H5) do not hold for all x, y > 0 but hold only in a region L ∈ R 2 + which contains Q * as its internal point and may be invalid outside this region. In this case, we cannot claim the global stability. However, we are still able to state that the point Q * is asymptotically stable and estimate the size of its basin of attraction. THEOREM 3.4 Let (H1)-(H5) hold in a region L ∈ R 2 + , which contains the equilibrium point Q * as its inner point. Then (i) the point Q * is asymptotically stable and (ii) the basin of attraction of Q * includes an open region N ∈ L, such that N = {(x, y) ∈ R 2 + |U (x, y) < C}, where C = min U (x,ȳ), (x,ȳ) ∈L andL is the boundary of L. That is, here C is the upper limit for the value of the level curves of the function U (x, y) which lay in the region L completely, and the closed curve U (x, y) = C is the boundary of N . THEOREM 3.5 Let (H1)-(H3), (H4 ) and (H5 ) hold in a region L ∈ R 2 + , which contains the equilibrium point Q * as its inner point. Then (i) the point Q * is (neutrally) stable, (ii) the union of the all compact invariant sets of the system, which are subsets of N , is asymptotically stable and (iii) the basin of stability (or attraction, respectively) includes the open region N that is defined by Theorem 3.4.
COROLLARY 3.6 If under the hypotheses of Theorem 3.5, the set M = (x, y) ∈ N dU (x,y) dt = 0 contains no compact invariant sets of the system apart from the point Q * , then Q * is asymptotically stable and its basin of attraction includes the region N .
Stability of the predator-free equilibrium state
We now assume that the predator-free equilibrium state Q 0 = (x 0 , y 0 ) exists and proceed to establishing the conditions which ensure that part (ii) of Proposition 2.1 holds. For the predator-free equilibrium state Q 0 = (x 0 , y 0 ), x 0 > 0 and y 0 = 0, and x 0 and y 0 satisfy
We formulate the following hypotheses:
0 for all x > 0, where the equality holds only when x = x 0 .
(H7)
dμ (0) dy y for all y > 0. (H10) μ(0) = 0. THEOREM 4.1 Let (H6)-(H10) hold. Then the system (1.1) has a predator-free equilibrium state Q 0 . If R 0 1, then the predator-free equilibrium state Q 0 is unique and globally asymptotically stable, and the system has no positive equilibrium state.
Proof. It follows from (H6) and (H7) that
η(x) > 0 for x ∈ (0, x 0 ) and η(x) < 0 for all x > x 0 .
(4.2) For a continuous function, this implies that η(x 0 ) = 0. It follows from (H8) that ω(x, 0) = 0, and hence, by (4.1),
Therefore, (H6)-(H8) and (H10) ensure that the predator-free equilibrium state exists and is unique. We consider a Lyapunov function
Here, as earlier, ε > 0 is a small unspecified parameter and B = 1/κ. Hypotheses (H6) and (H7) ensure that the point Q 0 is the global minimum of the function S(x, y) in R 2 + . The function satisfies
Here, by (H6),
for all x > 0, and the strict equality holds only when x = x 0 . Furthermore, by (H8) and (H9),
Therefore, if (H6)-(H9) hold, then R 0 1 suffices to ensure that dS dt 0 holds for all x, y > 0, where dS dt = 0 holds only when x = x 0 . It is easy to see that the predator-free equilibrium state Q 0 is the only equilibrium state of this system on the line x = x 0 . Indeed, η(x 0 ) = 0 by (4.3) and ω(x, y) > 0 for all x, y > 0 by (H1), and hence dx/dt > 0 on the line x = x 0 . Therefore, by the Lyapunov-LaSalle theorem (Barbashin, 1970; La Salle & Lefschetz, 1961) , this equilibrium state is globally asymptotically stable and unique in the region where the function S(x, y) is defined. The parameter ε may be made as small as required, and hence Q 0 is globally asymptotically stable in R 2 0 . Absence of the positive equilibrium follows from the uniqueness of Q 0 . This completes the proof.
Existence of the positive equilibrium states
We now proceed to the conditions which ensure the existence of the positive equilibrium state Q * . Proof. At a fixed point of the system, the equalities
hold. These equalities define two curves, q 1 and q 2 , respectively, on the yx plane (Fig. 1) . The equilibrium state Q * is the point of intersection of these curves. By (H6), (H7) and (4.2), η(x 0 ) = 0 and η(0) 0 hold, whereas, by (H9) and (H10), μ(0) = 0 and μ(y) > 0 for all y > 0. Therefore, for all x ∈ (0, x 0 ) there is at least one y such that the equality Bμ(y) = η(x) holds, and hence for x ∈ (0, x 0 ) the curve q 1 remains in the positive quadrant. This curve crosses the x-axis at the point (x 0 , 0). If η(0) = 0, then the curve q 1 goes through the origin, and if η(0) > 0, then q 1 crosses the positive semi-axis of the y-axis. (We have to note that, unless we postulate the monotonicity of μ(y), the curve q 1 is not a graph of a function, and for some values of x there may be several y that satisfy the equality, as in Fig. 1.) By (H1) and (H8), ω(x, y) > 0 for all x, y > 0 and ω(x, 0) = 0. Therefore, the curve q 2 crosses the x-axis only at the point (x * , 0), and, by (H1) and (H9), the curve remain in the positive quadrant for all y > 0. It is obvious that if x * < x 0 holds and the curve is continuous for x ∈ [x * , x 0 ], then there necessarily is a point of intersection of the curves q 1 and q 2 (Fig. 1) . By (H6) and (H7), x * < x 0 implies that lim y→0 ω(x 0 ,y) ω(x * ,y) > 1, and hence in the case x * < x 0 , there is a continuous branch of the curve q 2 for all x ∈ [x * , x 0 ]. That is, x * < x 0 suffices to ensure that the curves q 1 and q 2 intersect. Besides, if x * < x 0 then, by (H6) and (H7), lim y→0 ω(x 0 ,y) ω(x * ,y) > 1, and hence
And vice versa, x * > x 0 implies that R 0 < 1. This completes the proof.
Discussion and conclusion
In Sections 3-5, we proved that Hypotheses (H1)-(H10) suffice to ensure the globally asymptotical stability of the prey-predator system (1.1): if these hypotheses hold, then this system has a globally asymptotically stable equilibrium state. Depending on the value of the basic reproduction number R 0 , For a biologically feasible prey-predator system, it is usually postulated that the attack rate ω(x, y) is a non-negative function, monotonically increasing with respect to both arguments, and such that ω(x, 0) = 0 holds. For such a function, (H1)-(H3) and (H7) immediately hold. The predator's death rate μ(y) is usually postulated to be a monotonically increasing function such that μ(0) = 0, and hence (H10) immediately holds for such a function. The prey's birth rate η(x) is usually assumed to be positive for x ∈ (0, x 0 ), equal to zero at x = x 0 and negative for x > x 0 . This guarantees that (H6) holds. That is, Hypotheses (H1)-(H3), (H6), (H7) and (H10) are inherent features of real-life biological systems. Besides, there may be circumstances when some or all hypotheses (H4), (H5), (H8) and (H9) are invalid.
It may appear at first that the conditions for the global stability of Q * and for Q 0 do not overlap. However, it is easy to see that if the function μ(y) is non-concave and if the function ω(•, y) is non-convex, then (H5), (H8) and (H9) immediately hold. The following corollary summarizes this observation.
COROLLARY 6.1 Let the attack rate ω(x, y) be a non-negative function monotonically growing with respect to both arguments and non-convex with respect to y such that ω(x, 0) = 0; let the predator's death rate μ(y) be a monotonically increasing non-concave function such that μ(0) = 0 holds and the prey's birth rate η(x) be positive for x ∈ (0, x 0 ), equal to zero at x = x 0 and negative for x > x 0 . Then the system (1.1) is globally asymptotically stable if (H4) holds.
The concavity of ω(•, y) and convexity of μ(y), as well as the monotonicity of both these functions, are the properties that have immediate biological interpretation. The concavity of ω(•, y) appears to be natural for prey-predator systems and was frequently observed in experiments and real life (Brown & Hasibuan, 1995; Capasso & Serio, 1978) . This concavity is usually associated with saturation and can be caused by inter-or inner-species competition of the predators, cannibalism, self-shading, etc. Furthermore, the non-homogeneity of the environment also leads to the attack rate which is concave with respect to y (Cullen et al., 2003) . The convexity of the death rate μ(y) can be caused by the same reasons. However, we would emphasize that the actual conditions for the global stability of the system are much weaker: the non-concavity of μ(y) and the non-convexity of ω(•, y), and even the monotonicity of the functions ω(x, y) and μ(y) is sufficient but not necessary. In terms of ecological applications, this means that the limits of ecosystem stability are wider than they usually thought to be. It is noteworthy that the condition ω(0, y) = 0 is not necessary either for our analysis.
The situation when (H4) does not hold may lead to the loss of stability that is associated with the so-called 'effect of enrichment' (Rosenzweig, 1971) . The loss of stability in this case occurs via the supercritical Hopf bifurcation. It is noteworthy that if (H5) holds, then it may delay or even prevent the loss of stability via the effect of enrichment. It also follows from (H4) that the biologically feasible and in reality common concavity of the predation rate with respect to x is a destabilizing factor. (H4) always holds when η(x) is monotonically decreasing for all x > 0, as it often does for the epidemic models such as the models which are mentioned in Example 1.2.
The concavity of μ(y), as well as the convexity of ω(•, y), can lead to breaking Hypotheses (H5), (H8) and (H9). The concavity of μ(y) and the convexity of ω(•, y) do not appear to be common. Nevertheless, these are still possible in real life. The concavity of μ(y) and the convexity of ω(•, y) may be caused by some community effects, such as mutual support of the predators, for instance, pack predating or the dose dependency of an infection. These convexity of ω(•, y) and concavity of μ(y) can lead at University of Limerick on March 12, 2010 to multiple equilibrium states, the 'Allee effect', etc. It also follows from our analysis that the global properties of the prey-predator model are determined in larger extent by the functional dependence of the function ω on y, whereas the dependence of the dynamics on x appears to be not so distinctive. This is a counter-intuitive result because the stability of equilibrium states in a resource-consumer system is often associated with different shape of the function describing the consumer response, cf. Holling types II III.
In order to establish these global properties, we used the direct Lyapunov method which made the analysis rather simple and elegant. This approach was proved to be an effective mathematical tool for studying various problems of mathematical biology. The function (3.1) that was used in this paper is a generalization of the function
which is the first integral of the Lotka-Volterra prey-predator model with unlimited population growth (1.2). This Lyapunov function was proved to be also successful for a variety of compartment models of epidemiology and virus dynamics (Goh, 1980; Korobeinikov & Wake, 2002; Korobeinikov, 2004a,b; Guo & Li, 2006; Okuonghae & Korobeinikov, 2006; Takeuchi, 1996) including the models with nonlinear functional responses (Georgescu & Hsieh, 2006; Korobeinikov, 2006 Korobeinikov, , 2007 Korobeinikov, , 2009 Korobeinikov & Maini, 2004 Korobeinikov & Petrovskii, 2008) . For this particular model, this choice of the Lyapunov function is not a bottleneck: it is readily seen that the functions may be used as well. An important conclusion can also be made regarding the type of mathematical models which are appropriate for studying the properties of prey-predator systems. In some recent studies, there was a tendency to consider models which take into account the density-dependent higher-order mortality but neglect the linear term. That was partially based on a heuristic argument that non-linear terms are likely to be more important for the system dynamics. However, it is immediately seen that the basic reproduction rate R 0 , whose value is crucial for the global properties of the system, turns to infinity when the linear mortality vanishes. This indicates that the linear mortality is an important factor that cannot be neglected without changing the system global properties.
These mathematical results seem to have important biological implications. How the system properties depend on a given parameterization of functional responses has been a long controversial issue. It is indeed an important problem because, in a more applied study, population dynamics models are often used for numerical simulations and that, of course, implies a specific choice of the functions. In particular, it has been shown recently (Gross et al., 2004) that in some cases systems with only small distinctions in the shape of the growth/uptake function exhibit essentially different stability. In contrast, we showed that for the prey-predator model, existence and stability of the steady states are robust to the details of the functional responses, provided that biologically reasonable conditions are satisfied. 
